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THE EFFECT OF LENGTH ON THE AERODYNAMIC CHARACTERISTICS OF 
BODIES OF REVOLUTION IN.SUPERSONIC FLIGHT 

ABSTRACT 

As a result of a joint interservice research effort, the Army- 
Navy Spinner Rocket program consisting of more than three hundred 
models of various lengths has been fired on BRL's precision Free 
Flight Spark Range. The data obtained from these firings are analy- 
sed to provide a good determination of the effect of model length 
on the aerodynamic coefficients for supersonic Mach numbers. The 
effect of length on dynamic stability is considered in detail« 

Appendices provide a summary of theoretical relations, conversion 
relations between aerodynamic and ballistic nomenclature, and a full 
tabulation of the experimental data. 
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INTRODUCTION 

In 19li6 an intensive program investigating the dynamic properties 
of spinning missiles in supersonic flight was instituted as a joint 
interservice effort. The Array through the Free Flight Aerodynamics 
Branch of the Ballistic Research laboratories agreed to manufacture, 
measure, and fire the one hundred and thirty-five models required by 
the program and the Navy agreed to contribute the plate measurement 
and data reduction facilities of Its computing group under Dr« Zdenek 
Kopal at the Massachusetts Institute of Technology, A-report on the 
data reduction process was issued by the M.I.T. group. 

The basic interest of the program was in the dynamic stability 
of spinning bodies of revolution with an emphasis on configurations 
possessing large fineness ratios. Of the six ballistic coefficients 
of the Kelly-McShane linearized theory which affect dynamic stability, 
very few measurements of the Magnus moment coefficient, K_(C! r}  and 

pa 
the damping moment coefficient, K„{CM * C„ ), had been made» 

q   d 
Information on these coefficients was therefore to be an important result 
of the program. Since these quantities are functions of the center of 
mass location, three force coefficients which characterize these functions- 
alao had to be found« These were the Magnus force coefficient, 
IL,(CM ), the damping force coefficient, Kg(c + C ), and the normal 

pa q  a 
force coefficient, Kvr(CN ). The remaining three ballistic coefficients 

a 
are the overturning moment, ^(CL )» which is of prime importance to 

a 
gyroscopic stability and is essential for consideration of dynamic 
stability, and the two axial coefficients; axial drag, K-XC-.), and 

spin deceleration, K.(Crf)„ 

The determination of most of these ballistic coefficients especially 
Kg and KL is usually quite difficult for wind tunnels and hence the 

selection of BKL's Free Flight Spark Range for the study was a logical 
choice. This range .at present consists of forty-six spark stations which 

1. Köpal, KavaHagh, and Rodier, A Manual of Reduction of Spinner Rocket 
Shadowgrams, Center of Analysis, Tech. Rept« No. ij, (out of print). 

2. The symbols appearing ia parenthesis after the ballistic coefficient 
are the corresponding aerodynamic coefficient« See Appendix B for a 
discussion of the precise correspondence. Brackets will be used to 
identify the number of individual publications listed in the References, 
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are distributed over a distance of two hundred and eighty feet. 
Figure 1 shows a view looking down range'with the spark cylinders 
on the left and the plate holders on the righto The brass squares, 
located at each station^ shield single loops of wire which form part 
of the electrostatic triggering circuit» As the gun launched models 
pass each of the spark stations accurately located to 0,001 feet, 
they are photographed simultaneously in the vertical and horizontal 
planes by a short duration spark discharge« The time of occurrence 
of the discharge for ten of the stations is measured to an accuracy 

of 10  seconds» Prom the photographs the spatial coordinates of the 
missile are obtained to an accuracy of „001 feet in position and 
three minutes of arc in angular orientation» The ballistic coefficients 
are computed from these data« Q-0j « 

When the program was originally set up it was decided that five 
rounds were necessary to determine one value» Since it was planned to 
obtain reliable values of the force coefficients from the yawing motion 
of identical shapes possessing different centers of mass,, this resulted 
in the requirement that three different center of mass positions for 
each shape be fired» In order to study stability over a reasonable 
range of supersonic Mach numbers data were to be obtained at three 

2 
Mach numbers« 1.3s l°9j. and 2*$°      These considerations meant that 
forty-five rounds would be needed to complete the study of each design» 

Body length was selected to be the basic design variable and the 
shape was to be representative of service spinner rocket designs» For 
these reasons the common head shape was chosen to be a secant ogival 

3        ...... 
head two calibers long whose radius of ogive was twice the tangent 
ogival radius. Three body lengths of three5 five9 and seven calibers 
were agreed upon, and thus fixed the program size at 135 models» A 
drawing of the configuration with the actual center of mass location 
indicated is shown in Figure 2 and a tabulation of the. physical character- 
istics of the models is given in Table Cl in Appendix C» 

In order to be able to make flow computations a smooth contour was 
required and hence no rotating band was used» 'Spin was imparted by 
means of a pre-engraved aluminum sabot placed immediately behind the 
model» At first friction coupling was employed but later it was found 
to be necessary to connect model and sabot by means of a cruciform key. 

1« See [ßj    and f0]] for descriptions of the range» Appendix A ofQ)0J 
gives a more recent description of the range» 

2« At the time the intermediate Mach number firings were mades no suit- 
able gun was available and hence the firings were made at the slightly 
lower Mach number of 1»8» Later using a gun contributed by the Havy, 
it was possible to fire at the high Mach number of 2»5° 

3» A caliber is one diameter» In this program 20mm models were used and 
hence one caliber corresponded to 20mm» 



Finally a copper obturating cup was placed behind the sabot» A model 
with its key.} sabot, and copper cup is shown in Figure 3= Although 
these auxiliary launching components usually separated quite quickly 
from tile model due to their high drag., for some rounds it was possible 
to observe this separation, (See Fig.... U). In I4A the missile is about 
two feet from the gun and none of the components have separated. The 
fragments above the missile are from paper wadding used in the cartridge 
case. Figure IjB shows the copper cup separating at five feet from the 
gun. At twenty-three feet (Iß) the sabot is clear of model and the key 
is dropping free0 Finally the sabot separates to over four calibers 
and the missile is in free flight twenty-eight feet from the gun, ,(111)) • 

In the firing portion of the program considerable difficulty .was 
experienced in launching the models properly. In order to obtain the 
aerodynamic moment coefficients a yawing motion whose magnitude is 
between half a degree and six degrees is required«, The lower limit is 
imposed by measuring accuracy while the upper indicates the limitations 
of the linearized theory. 

In order to obtain the program requirements^ 330 models were 
launched» It was possible to perform a complete yaw reduction on 109 
of these of which 9 had average squared yaw of over 30 and so were not 
included in the analysis» The overturning moment coefficient was ob- 
tained from 19 additional rounds whose yawing motions were too small for 
a complete reduction,. Of the models launched lU5 were suitable for drag 
reductions. A total of 162 rounds provided uua&hla data» A good indi- 
cation of the improvement in firing efficiency as experience was gained 
is shown by Figure 5» 

The body of this report, which is basically concerned with the 
data resulting from these firings3 will be divided into three major 
parts. The first part will deal with axial force and moment coeffi- 
cients, the second with transverse force and moment coefficients, and 
the third will analyze the dynamic stability characteristics of the 
configurations. In the appendices all theoretical relations are stated 
and the conversion from the ballistic nomenclature to aerodynamic is 
derived. 

AXIAL FOBCE AND MOMENT COEFFICIENTS 

(a) Drag Force Coefficient 

Denoting the component of the aerodynamic force along the axis of 
the missile by F_s the axial drag coefficient can then be defined by 

the equation? 

(1) t^- 

where p ■ air density 

d = diameter 

u= axial velociigr 

7 
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If F in (l) is replaced by FTS the component of the aerodynamic force 

directed along the trajectory,, the more familiar drag coefficient 
n 1 

K ■ -w C„ is defined. If cross spin,, \x,s  is neglected, it can be shown 

that KD ■ KD cos 6 + KN6 sin 6 - ^ + 1*1^ - K^. *] 62 where 6 is 
L  ~2~~  I 

the magnitude of yaw and YL,  is the normal force coefficient* The drag 

coefficient,, K~.s  along with the Mach numbers is determined for each 
round by means of a polynomial least squares fit of time-position , 

data • D*J 
Since K~ is a function of several parameters, basically shape of 

missile., Mach number^ M^ and the squared magnitude of the yaw,, the 
effect of the different parameters have to be separated.^ The assumption, 
therefore,, is made that the drag dependence on yaw is linear in the 
average squared yaw, 5 , for the particular round. This average is'"'-. 
over the distance between the first and last timing stations and can 
easily be computed from the parameters of yaw reductions. Drag values 
were grouped in intervals,of Mach number less than 0.1 long and the 
parameters of this linear function for each group found from a least 
squares fit of the drag coefficients and corresponding mean squared 
yaws« The zero yaw values of the drag coefficients, IC , were then 

o 
computed and use was made of the empirical Q function derived by _ 
Thomas [9~J  ?    L12J t  to derive their dependence on Mach number« 

The Q function essentially assumes an inverse quadratic dependence of 
K-. on Mach number and can be written in the form 

(2) Q s \l  + M^ - a + bM 

where a and b are empirical constants. This function provides a 
good description of the drag coefficient's dependence on Mach number 
for supersonic Mach numbers« The constants a and b for each model 
length were determined by the usual least squares method. 

Since the yaw drag coefficient Kn p was contaminated by Mach number 
- o 

effects^ the rounds of each interval were converted to central Mach 
numbers by means of (2) and new yaw drag coefficients determined« 
The process can now be iterated and convergence is rapid. Table I 

1. Throughout the report we will indicate for each ballistic K its 
exact relationship to the corresponding aerodynamic C's (See 
Appendix B for details of the conversion process«) 

2° In';u[e37j % dsp§nd©nce. "of Klyon spin "which -has been measured a*s 
described.". 

3. In £l9J the technique for handling drag data which is employed 
here is described and applied to a study of the effect oh drag of 
systematically blunting the headshape» 



presents the final values of the a's and b's together* with the K~ ? 

used. (These Kp.-,« may be converted from l/sq. radian to l/sq. degree 

by the factor 3280 f.S'^g60 ) The defining relation for Kg  is 
sq. 

(3) Kn = KD    + KD 2    ? 
o 6 

"D 

TABLE r 

Q - Function Parameters 

$ cal. 7 cal. 9 cal. 

a .927 .92k .920 

b .1*7 .16U -.172 

0 

1                         2 

Square radians 

Mach No $ cal. 7 cal. 9 cal. 

1.3 3.1 +.2 U.7 + .6 34+ »U 

1.8 2.6 +.3 2.6 + .2 2.3 + .3 

2.5 2.7+11 2.7 + .3 2.9 +1.0 

1«    All errors calculated in this report are standard errors.    In order 
to convert to probable error,  the multiplicative factor O.67I4J? 
should be employed. 

2.    Since IL. is about 1.0 this table indicates that the axial drag 

coefficient,  K_    is also strongly dependent on the magnitude of 
yaw. ÜA 

DCSUUCXC^^ • 11 «11 I f 
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The original Ki"s for each round and their mean sqaarad yaws 

are tabulated in Appendix Co An indication of their internal 
statistical accuracy is provided by the representative standard 
errors provided by Table Q7« These standard errors of about 0,£$ 
seem to conflict with.the actual dispersion of about 3% as seen in 
Figures 9, 103 and 11. This spread is quite easily explainable by 
the wide variation of boundary layers. Figures 6 and 7 clearly 
illustrate this point. 

A further check on this explanation can be obtained by means 
of a simple computation. It is possible to compute approximate 
values of the skin- friction drag coefficient K-.«- for both turbu- 

lent and laminar boundary layers«  The results of this computation 
are listed in Table II. 

TABLE II 

Skin Friction Drag Coefficient, K-g™ x 102 

M £ cal. 7 cal. 9 cal. 

turb. lam. % diffo2 , turb.      lam. % diff. turb. lam. %   diff 

1.3 2.1 ■        .* 
ID 3.0          .6' Hi 3.8 .7 17 

1.8 1.9 >h ID 2.6*         .5 111 3.U .6 18 

2.£ 1.6 ,3 11 2.2          .it Hi 2.8 .$ 18 

An interesting use this drag data can be put to is the rather indirect 
measurement of the base pressure. The drag coefficient is usually broken 
up into the head drag, skin friction drag, and base drag coefficients. 

(3)    KDK%"+KDSF + KIB 

1.    The Blasius flat plate values with the Van Driest correction for 
compressible flow were usestvfor the laminar flow commutation and.'. ;i 
the: rteCent3grH;d6rrivfcd'•f<?FmUl^vohtainäd'by Van Driest yl]   2* '  [32^ 
was; employed- ifer, the * turbulent boundary .layer;    The Reynolds numbers 
basad on diameter4, R-,-«, were* 

d „e 
M Rd x 10 

1.3 $.90 
1.8 8.17 
2.5 11.3k 

2.    The percent difference was computed with respect to the total drag 
coefficient. 

10 
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Since the head drag arises from compressible fluid pressure difference 
on the head, it can be computed exactly by means of characteristics. 
This was done by the ENIAC and the re pits are given in Table III. 
The corresponding values obtained by the linearized theory are also 
listed for comparison purposes. In Figure 8 the pressure ratio, as 
obtained from the ENIAC is plotted against distance along the model. 

M 

1.3 

1.Ö 

2.5 

TABLE III 

Head' Ifrag Coefficients *m 

Exact Theory Linearized Theory 

.07191 .0790 

.0603 .0660 

.Q5k9 .0555 

An examination of Table III, the turbulent values of Table II and 
Figures 9, 10, 11 shows that Kßcj. contributes about 20$ of the drag 

while KWT and K™ each contribute about hp%.    The ratio of base pressure 

py,  to free stream pressure can now be computed by means of the relation 

(W 'B = 1 - hM pi   £^-%-*DSF] 

y = 1.105- 

Charters and Türetsky, [Jl3] 3  were able to make an independent de- 
termination by means of measuring the wake angle and assuming a 
Prandtl-Meyer flow around the base to this wake angle. A comparison 
of these methods is provided in Table IV. The values for Mach number 
1.3 are omitted as the ENIAC computations of ratio of pressure at end 
of cylinder to free stream were made only as low as Mach number 1.5« 

1« This is an extrapolated value as K™j was computed only for 

M ^ 1.5. 

11 



TABLE IV 

Model Number 

5-1*7 

7-1*8 

9-09 

.11*31 

,1586 

*DSE 

.0190 

.0263 

.031*2 

*m      ^B 
p B 

M - 1.8        Total Drag 

„0603 .0638   .63 

.0^98 »0636   .62 

.0607 .0637   .61* 

"B 

-^ 
Wake Angle 

.67 

.61* 

.68 

5-56 

7-50 

9-13 

M = 2.5 

.1198   .0158 .0552 .01*88 .1*8 

.1277   .0218 .051*8 .0511 .1*2 

.1322   .0282 .051*8 .01*92 .1*5 

.1*6 

.1*1* 

.1*3 

The discrepancy between the two methods is causecLby the measurement 
error in the wake angle. The estimated error in B from wake angle is 

.01* while the total drag method has an estimated error of .01. 

An examination of Table IV indicates that K^ does not vary with 

the length of the cylinder and hence Kw-p is the only varying drag com- 

ponent. This conclusion is further substantiated by comparing the 
change in IL. with length with d K-g-,  in Table V.  The change in YL. 

was found by fitting it to a linear function of length by least squares 

331(1   "SF.   was found by differentiating the Van Driest formula. 
a L 

M 0 KDSF   x ID3 

b    L   . 

1.3 1*.08 

1.8 3.57 

2.5 3.oo 

TABLE V 

Slope of KJJ vs L line x ID' 

l*.ll + ,1*8 

3.71*+.37 

'    3.13 + .30 

1. The first digit in the model number indicates its lengths 

12 
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It is interesting to note that this variation decreases with 
increasing Mach number. 

(b) Spin Deceleration Homent Coefficient 

The spin deceleration moment coefficient may be defined by 

A ~3—2~    * f 
per u_ v F 

where 

M_ is compenant of aerodynamic moment along the symmetry 

axis 
a>-d 

v » —— is spin in radians per caliber 
*1 

OL is axial corapaent of angular velocity 

Although it is possible to determine this coefficient from the yawing 
motion, after part of the program had been fired it was found that this 
determination was not very accurate» It was, therefore, decided to 
place pins in the bases of the remaining missiles and measure the roll- 

ing motion directly . Figures 6 and 7 show models with and without pins 
respectively« The individual round values of K,, are tabulated in 

Appendix C and plotted in Figure 12. 

Since the spin deceleration moment is a pure viscous effect, it 
seemed probable that it could be related to K_CT« Charters and Kent 

[jLlJ have shown that for a cylinder K, = l/U K^g-p« This appeared 

to be a good approximation for our configuration« .(The lA appears 
because the diameter and not the radius is used as characteristic 
length). Kjv-v was obtained from Table TV and lA ^m-p i-s plotted in 

Figure 12c The agreement seems to be quite good. Since the moments 
are small and the surface conditions from round to round are clearly 
not identical, tiie experimental scatter is not unexpected. The usual 
values of the individual statistical standard errors as given in 
Appendix C seem to support this consideration«, 

1. In Appendix A3 the exact relations employed are listed. 

13 
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In Figure 13 K. is plotted against,length. The slopes of least 

squares fitted lines are compared with l/U  ^K3F in Table V. 
a L 

TABLE ¥ 

Slope 1/1» 
3KDSF 

00106 + ,00006 .00102 

OOO99 + .00001; .00089 

00079'+ .0000U .00075 

M 

1.3 

1.8 

2.5 

TRANSVERSE FORCE AND MOMENT COEFFICIENTS 

From Appendix A we have' the statement of the Kelley-McShane 
linearity assumption. 

If F„ and F~ are the components of the transverse aerodynamic 

force, then 

(A2)    F2 + iF3 « pd2uj     H-KJJ +' ivKy) X + (vK^ + 1X5)4*} 

where v is the spin in radians per caliber 

X = Xp + iX-, is the complex yaw 

(<a2+ iwjd 
H ■   ■■ ■ ■ 1 ■■  is the complex angular velocity 

and the K.'s are the ballistic coefficients« They are identified in 

both Appendix A and the Table of Symbols and Coefficients. Similarly 
for the components of the transverse moment there results 

(AU) Mg + iM3 = pd
3!^2  (-vKy - iy X + (-Kg +.ivKrp)MT] 

By assuming a reasonable size for the Magnus cross spin coefficients 
Kj_ and Ky», it can be shown that they have little effect on the motiai 

of.a body of revolution I 26 J . In none of the firings made on the BEL 
Spark Ranges has this assumption seemed unreasonable and hence only the 
remaining six coefficients will be considered. 

Ill 

nrfTPinrn r    n i r 



In Appendix B an aerodynamic nomenclature is defined and their 
relation "with the ballistic coefficients stated- The conversion 
equations ares 

\ 

b-B cv 
Y     -     S 

q          & 

^M " 
n 

"B 
\ a 

V n 

pa 

h' ■ \ ♦ V 
Note that the last pair of relations are written with an equality sign 
and not in the manner they appear in (B10)o This is due to the fact 
that in this report K„ and iC are mea'sured solely "by means of their 

effect on H in the homogeneous part of equation (A8) and as is stated 
in Appendix B the equality sign is proper. 

Throughout this section use will be made of the symmetry argument 
that all coefficients are even functions of the magnitude of yaw. 
It is assumed that the yaeLug motion of each round may be characterized 
by its mean squared yaw, g', and that the coefficient obtained from 
each firing is constant for the yaw encountered in each flight and may 

2 
be associated with 6 . It was found that a simple linear dependence 

on 6 was sufficient to describe the data for 5 K.  30 square degrees. 

(a) Normal Force and Overturning Moment Coefficients 

The overturning moment coefficient can be obtained accurately 
from the turning rates of the two arms of "the characteristic epicyclic 
yawing motion of a spinning missile« Actually small corrections are 
necessary which involve the damping exponents and tiae Magnus force 
coefficient K_3 and although these are usually less tiian one percent 

all of the data in this report contain them. These corrections are 
explicitly stated in Appendix A. A further correction is necessitated 
by the variation in center of mass from round to round« Since this 
variation is less than „02 calibers for models of the same type all 
the models are corrected to a standard center of mass location for each 
type by means of an approximate JL,  in equation (A5 = 7). 

These final results were examined for yawing motions of different 
amplitudes o It was found that the seven caliber forward dm. models 
together* with the nine caliber forward and middle c.m0 models had 
definite dependence on the magnitude of yaw. Values for a fixed Mach 
number were Kitted to a linear function of mean squared yaws 

15 
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The resulting values of K„ A are listed in Table VI together with 

their standard errors% 

TA3LE VI 

V Square radians .. 

Mach No. 7 F 9 7 9 H 

1.3 "36 + 7 -85 + 16 -53 ♦ 26 

1.8 -231 3 -16+ 3 -59+ 3 

2.5 -53 + 7 -20 + 20* -56 + 16 

Eq„ (7) -I4I. -83. -39. 

* This value is poorly determined since the total variation of 6 
is from 1 to 5«7 square 'degrees» 

The values provided by Table VI should be considered only good 
qualitative results since they were obtained by a rather crude technique. 
Since the samples are small the standard errors have only qualitiative 
significance. With this in mind we see that the effect of yaw on the 
overturning moment has a stabilizing influence and that the explanation 
of these indications of non-linearity lies in a non-linear pressure 

distribution o'yer the rear of the models . This distribution probably 
starts about six calibers from the nose and increases in its non- 
linear character with increasing length. From this we would expect the v 

longer missiles to exhibit non-linearity and that this effect will become 
more pronounced as the center of mass is moved forward and thereby 
accentuates the effect of force on the missile's rear. This prediction 
is roughly verified by Table VI» 

H. R. Kelly T36J has recently developed a simple relation for 
and K„ ? by considering the viscous cross flow. His results can hi 2 

be written in the following forms 

(7) KJJ 2 - lA CD   L< 
6 c 

(8) V2 - 3A CD   L2 

5 c 

[3r - 2Lj 

1.    This explanation was suggested by J» D. Nicolaides. 
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where r is distance to center of mass from the nose and GD is the drag 
c 

coefficient for an infinite cylinder in a cross flow. For laminar 
boundary layers C~ is 1.2 and for turbulent boundary layers it is .35« 

c 
Since the average transition point is about 1.5 cal. rear of the shoulder 
far the seven and nine caliber models a weighted valuerfor Gh, of .78 

' c 
was used for the seven caliber models and .68 for the nine caliber models. 
K„ -  and Y^.  » havB been computed by equations (7) - (8), and are tabulated 

8      6   
in Tables VI and VIII respectively. Considering the roughness of the 
experimentally determined values and the use of a "weighted" CD the 

c 
agreement is good. 

"™2 . Using Table VI and the round values for KL. and 5 , individual 

values of KL^ were then computed and in Figures 1U-16 are plotted 
o 

against Mach number. The maximum scatter is about 2$. The circled 
points were computed by fitting HL.   for each Mach number, to a line as 

a function of center of mass locations (See Eq. A5.7). The slopes of 
these lines are the normal force coefficients and are tabulated in 
Table VII. 

TABLE VII 

Normal Force Coefficient, IL. ■ am    __    \j 

M $                                   7 9 

1°3: «98 + .01    ,                      1.02 + .02 1.06 + .01 

1.8 1.13 * .01                         1.13 + -01 1.16 + .01 

2.5 1.26 + .02                           1.21 ♦ .01 1.28 + .01 

As is described in Appendix A it is also possible to measure IL. by 

means of the swerving motion. Values of K^. were obtained by this means 

2 from all rounds with large enough swerving motion . These data also 
exhibited a dependence on yaw for the seven and nine caliber rounds. The 
values of IL. 9 are given in Table VIII. 

.6 

(1.2)3.5 * (.35)3.5 - .78 1, More precisely for the seven caliber models C~ = \  * ~.  M 
I •   . c     " 

A similar computation was performed for the nine caliber models. 
2«, The criterion was that the swerving motion be six times the linear 

measurement accuracy of .010". 
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The swerve Krr°s were computed in a manner similar to the K/s and are 
o o 

plotted in Figure 17« 

TABLE VIII 

Tfg2 Square radians " 

Mach No„ 7 ° 

1.3 23 + 7 20 + 3 

1.8 13 + 3 26 + 3 

2°$ ^6 + 3 33 + 13 

Eq, (8) 20„ Ulo 

The circled values are those obtained from the K^/s at different 
.o 

center of mass locations and crosses are based on tests in BRL's 
Supersonic Mind Tunnelo The agreement is fairly good» In Figure 18 
the distance to the center of pressure from the nose in calibers Cp , 

rN 
is plotted as obtained from the individual swerving motion, the center 
of mass methods, and the wind tunnel«, Since this scale is larger than 
model size,, in order to show individual points, the curves are re- 
plotted against model length at the actual model size of 20mm per 
caliber in Figure 19e Finally Figure 20 shows K^'s dependence on 

length. Note that both center Of pressure and normal force are re= 
latively insensitive to length»  (A mild exception to this is the 
behavior of the center of pressure at Mach number of lo3) In this 
characteristic they follow the slender body prediction that, cylindrical 
afterbodies have no, effect on normal force or center of pressure!« 

(b) Magnus Force and Moment Coefficients 

In this section and the next one we will discuss those coefficients 
which. at the present time can only be determined by the precision Range 
Technique. The determination of the quantities is difficult, and, 
quite naturally 5 is not as accurate as K^, TL.S  or 1^, The difficulty 

lies in the fact that the dynamic coefficients affect only tile damping 
of the epicyclic yawing motion» The damping is difficult to determine 
as it is the rate of change of a small quantity» For 20mm models a 

1. The data5 howevers is not very close to the slender body values of 
K. = .78 and CI> » loliu This discrepancy has been observed by 

many investigators and is probably due to the inappropriateness of 
the theory» 
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reasonable estimate for the size of error of a damping coefficient 

et- is 2 x 10  1/calibers, Since for the five caliber models 

a. -v 2$ x 10 , this is roughly- an Q%  error, (The figure 2 x 10 ~ 

is sensitive to the frequency of the two mode s, their amplitude, 
and the distribution of the observation.) 

An inspection »of the Magnus moment coefficient data for the 
7F9  9F, and °M models shows that, in common with the normal force 
and overturning moment coefficients, they are functions of yaw. This 
dependence is clouded by the scatter of the data and hence K« „ as 

6  ' 
tabulated in Table IX is poorly determined for some Mach numbers and 
can only be estimated for others» 

TABLE IX 

%2 

1 
Sqii; are radians 

Mach No. 7F 9Y 

1-3 -26 + 10 -U3* 

1.8 ~ii3 + 20 -i£ + 16 

2.-5 -72 + 20 -kf 

OM 

-16* 

-16** 

-16* 

* Estimated value ** Obtained from two points 

For fixed Mach number, K„ is a linear function of center of mass 
location (see (A^«8))« K«, is plotted against cm. in Figures 21-23 and 

p 
its rather large scatter verifies the prediction that dynamic data is 
certainly not of as good quality as that for BL,, In Table I, the 

slopes of the least squares fitted lines, which are the Magnus force 
coefficients, are tabulated, This linear relationship is used to 
obtain "average" values of K^. which are exhibited as a function of 

o 
Mach number in Figure 2k»    For some rounds where the yawing motion is 
such that the Magnus force has a measurable effect on the swerving 
motion an independent measurement of K„  is possible.^ In Figure 2$, 

K fs as obtained from the center of mass method together with those 

obtained from the swerving motion of individual rounds are plotted 
against Mach numbers. The agreement of such delicate^measurements is 
quite encouraging. 

1. Appendix A provides the exact relations employed in this determination. 
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TABLE X 

Magnus Force Coefficient^  K™ From CM. Method 

Mach number 1.3 1.8 2.5 

5 cal. »lit +  .01 .11; +  .0l|. .05 + .02 

7 cal. .20 + .02 .20 + .02 .16 + .02 

9 cal. .31 + .03 .33 + .02 .26 + .02 

J. C. Martin has recently suggested a simple model by which K-, and 

K may be computed theoretically p29j . He shows that the effect of 

spin on a body of revolution at an angle of attack is to rotate the 
plane of symmetry of the boundary layer configuration slightly out'of 
the plane of yaw. The linearized flow over the resulting shape then 
provides a force which is perpendicular to the plane of yaw and pro- 
portional to the magnitude of spin. These considerations result in 
the following formula for the radio of slender body Magnus force coef- 
ficient K~ to slender body normal force coefficient K„ for incompressible 

flow. 

(9) %   ■_    6>r* B* 

15 
• 93'L 6 

where L is the equivalent cylinder length in calibers 

and 5 is the boundary layer displacement thickness 
in calibers. 

Since our main interest is in compressible turbulent boundary layers, 
we--have to assume that Equation (9) will apply to this case. From L33^ 

and |~3lj.J , it can be shown that a good approximation for 6 is 

^ S* (1 - .Hi M) ^ V* Rd"   h     where Rd is the ßeynol4Ä'- number 

based on the diameter and c depends on the velocity profile. Inserting 

this value of 6 together with the slender body normal force coefficient 

Since Martin's calculations are based on the usual flat plate boundary 
layer assumptions^ his results are for a circular cylinder whose 
boundary layer build up is equivalent to the body of revolution« 
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value of   y    in (9) there results; 

(10) £F = o(l - .Hi Hyö9^   Rg"1^ 

From (ID) it is now possible to compute  the center of pressure of 
the Magnus force by the formulas -£■ 

~   TU 

where C.P.j. is the equivalent cylinder distance to Magnus force center 

of pressure. '> 

We now assume that L, the equivalent cylinder length, can be written 
L - L where L is the model length and L is a correction due to the nose n b n 
and is a function of Mach number. 

(11a) 

(lib) 

and 

W tf 1   o -p    =    V • A  • -Ki    **    -Ll 

F   m       in   n 

^ = c(l - .lit M)   (L - \)9/$   Rd
_l/5 

In Figure 19 C.P.F is plotted against length and it can be seen 
9 that the predicted slope of —y is very good«    For fixed Mach number we 

fit Equation (lla) and obtain the following values for L % 

Mach number 

n 

1.3 

.52 + .15 

1.8 

1.3U t ,08 

2.5 

2.55 + .12 

Using equation (lib) as an empirical relation and fitting the data 
shown in Figure 25 there results c ■ »19 + .03» These results are plotted 
in Figure 19. The agreement is fair for such a rough theory, although 
it is certainly not as good as the C.P.-g, slope. Finally it is important 

to note that the slope of the C.P._ curve versus length of 9/lii is in- 

dependent of the Mach number and velocity profile and depends only on 
the assumption that for turbulent boundary layers ij/d  varies inversely 

as the l/5th power of the Reynolds; number based on length. 
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(c) Damping Force and Moment Coefficients 

When the data on the damping moment coefficient IL. is examined, 

once again the existence of non-linearity in the 7F, 9F, and °M models 
can be seen. In Table XI are tabulated the values of IC, ? which were 

6 
employed to obtain the K- Ts. 

TABLE XI 

\2 

Mach No. 7F 

1.3 590* 

1,8 590 + 361 

2.5 590+230 

■H- estimated 

Square radians 

9F 9M 

650r 65Ö* 

U90 + 230 720 

650* 650* 

** two values of h 
These values are inserted in a modified form of (A5»9) and Kg-, the 

1 
damping force coefficient at the centroid, is obtained.  The desired 
form of (A5=9) is 

[0 : 4-< -h*"Ks 
where q is measured from the centroid and unstarred quantities 

are for cm. at centroid. 

In Figures 26-28, \&u\ Is plotted against cm. location and lines are 

fitted. The scatter- indicates the poor quality of Kg. In order to 

obtain other values of Kg for c.m0's which are not at the centroid, 

relation (A5»U) must be" used. Table XII presents K_ at the centroid 

and it is plotted against Mach number in Figure 29. 

1, The middle center of mass rounds have their centers of mas located at 
their geometric centroid. 
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TABLE XII 

Kg at Centroid 

:h No. 5 7 9 

1.3 -3.8 + .1 -5.3 + .6 -8.6 + .8 

1.8 -3.1 + .5 -5.U+ -l -9.2+1.2 

2.S -1.1 + .2 -3.8 + .1 -6.6 +1.1; 

Eq.   (13) -U.6 -7.0 -9.3 

In Figure 30 IL at the centroid is plotted against Mach number while 

Figures 31 and 32 give the centroid values of Kg and K, as functions 

of length. 

In order to get some theoretical basis for predicting EL it is 

necessary to use certain results recently obtained by W. Dorrance fjSj 
According to Dorrance's "zsro order" slender body theory for missiles 
without boattails.'l [The relations for CL, "and Cw were first obtained 
by M. Munlc] q    q 

m    I6v (r-rc) 

0M --u[(L-r)**!B(r-ro>] 
q 

r  _  l6v 
\    • IT 

c     - k  (L - r) 

q 
where L is length in calibers 

r is distance to the cm. from the nose in calibers 

v is volume in cal. 

r is distance to the centroid from the nose in calibers c 

From these equations there results 

(12) KJJ = ^ (L - r)2 

(13) Ks = -£ (L -r) - v 

~.    Care has to be used in order to transform the  symbols of Q£J to tBaose 
of this report.    C      and C     of   Q35T actually correspond to C     and 

w w . . & 
and CL    while C      and C      of H^f] correspond to C.T +; C» and^'CC '+ CL~ of'thia 

?& nd md       L  J    2% Nq      V''.i\\ 
report. MMMCttW f iiuMlpJifalllllllliin " 
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Equation (12) predicts that 1L. at the centroid is a pure  quadratic 

function of the distance of trio centroid from the base which has -r = .79 

as its coefficient,,    If we fit Kff at the centroid to such a function, 

there results the values of l»19s  1.1*3,  1.^0 for Mach numbers 1.3,  1.8, 
and 2.5 respectively.    Since the fit is quite good, we will consider 

2 
K=c(L-r) as a good empirical formula for the damping moment at 

the centroid. Table XII compares Kg at centroid with Dorrance's K„. 

The agreement is not too satisfactory. It is finally of interest to 
note that within the accuracy of this elementary theory K„ has no 

n 
contribution from CL. when the c»m„ is at the centroid. 

& 

DYNAMIC STABILITY 

A study of the dynamic stability of the rounds fired in this 
program provides some of the most interesting results of this report* 
As in £28J a missile is defined to be dynamically stable if the yawing 
motion described by the solution of the homogeneous equation of the 
yawing motion does"not increase. It is proven in [_28J that a sufficient 
condition for dynamic stability of a statically unstable^ missile 
traveling over a flat trajectory is 

(Ilia)   h - KJJ - KD + kglg - k~
2KÄ > 0 

1 

3 (2 - s) 
(lub) s?-  : Q 4   s   ^   2 

where (Gyroscopic stability factor) 

A = axial moment of inertia 

B = transverse moment of inertia 

p " air density 

d = diameter 

v = 1 •  spin in radians per caliber 
ul 

1. A missile is statically unstable if K> 0 

2k 

an 
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^: K
D - ki2KT) 

(Dynamic Stability Factor)! 

2 
-2   md k" » —j—    (k, is axial radius of gyration in calibers) 

m «" mass 

k~ = -«- (ko is transverse radius of gyration in calibers) 

If "s 4. 0 or 's ^ 2, it is further shown that a statically unstable missile 

can not be stabilized by spin. The curve s =  is plotted in Figure 33 
a(2 - a) 

and "the Stable and unstable regions' are iden&ifieäf  . 

This requirement is much more complete than the classical gyroscopic 
stability requirement that s 5 1. Since h is usually positive for missiles 

in supersonic flight , conditions (li;) will reduce to the classical in- 

equality for "s - 1. s is tabulated in Appendix C for all rounds and it 
can be seen there that it definitely departs from this optimum value of 
unity. For some of the °F models s exceeds two and hence these models 
are dynamically unstable and cannot be stabilized by spinl ^ has the 
further property that the slower arm has the smaller damping rate 
(a?< a-,) when s < 1 and the reverse is true (a„> au) when s>l. 

This therefore, means that the faster arm will grow for the °F models 
irrespective of spin. (Unless h is negative the slower arm, however, 
will always shrink.) 

It is possible to make an important generalization of the dynamic 
stability in the following way, (see Qjoj ). 

Theorem 

The damping exponents o-,  and a« of the epicyclic yawing motion of a 

statically unstable missile are greater than or equal to an assigned 
value,    ö  if the following relations are satisfied: 

h - a> 0 

s* 1 
"5(a) [2 - l(af| 

1.    It was positive for all missiles fired in this program« 
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«on 

0 <   s (o)< 2 

where 1(a)  =    2 (KN " KD " kl KT> " a 

KN " KD + k22 V ^A - tt 

(Note that s(0) is the dynamic Stability factor.) 

With the above information in mind we will now move on to a con- 
sideration of the various applications of our experimental information 
to the stability problem. First the effect of center of mass location 
is of interest. 

Looking over the s's for the five caliber models in Table C-2b, 
it can be seen that s lies between .hp  and 1.30 and hence the dynamic 
stability is of little interest for these models. The dynamic stability 
of the seven calibers, and especially the nine calibers, is more 
interesting. In order to obtain a rough picture of the effect of cm. 
we will assume that cm. may be changed while the masses and radii.of 
gyration remain constant. An examination shows that with the exception 
of the bimetal middle cm.'s (9 M2, 9 M3) and two of the rear cm.'s 
(9 R2, 9 R3), these assumptions .are roughly true. 

2 
With these assumptions in mind, v required for stability is 

plotted in Figure 3U-against cm. position for M = 1.3 .. v was 
selected as one of the variables in this plot so that the gyroscopic 
stability curve, s => 1, appears as a straight line. According to 
this plot the interval of cm. location where spin stabilization is 
possible, identified in this figure by a = QL, is relatively small and 
even there a rather high twist is required? The rear asymptote corresponds 
to s = Q while the forward one is caused by "s = 2. Note that_0.3 cal. 
rear of the centroid is located at the "optimum point" where s =» 1. 

Now it is shown in L^jj that the situation is improved by in- 

creasing k~2. Since k~2 is hp%  larger for the bimetals (9 M2 and 9 M3), 

the stability curves are replotted for their masses and radii of gyration 
in Figure 35 (The physical constants for both figures are listed in 
Table XIII). 

1. In the two stability plots cm.'s forward of the centroid are 
plotted positively. 

2. This fact was first observed by R. Turetsky in [l6J whifch was an 
interim report on the program. 
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TABLE XIII 

-2 -2 m gins k-, k„ 

Standard 137 8.3 .19 

Bimetal 200 7.6 .26 

The bimetals as can be easily seen are much more stable than the solid 
models« Theke figures become, of course, more inaccurate as the cm. 
is nurved from the centroid. If the exact physical characteristics öf 
the 9 F8 s are used, a much better determination of the cm. position 
for which s = 2 may be made» Similarly better values for the "optimum 
point" and the point at which s " 0 can be found when the physical 
characteristics of the 9 M's and 9 H's respectively are used. These 
calculations have been made and -the results appear in Table XIV, Note 
that according to Table XIV it is impossible to spin stabilize the 
9 F' s and furthermore that at M ■ 1.8 they should be'markedly ..unstable. 
This is verified by Table C-ljb. As the yaw increases, however, the 
non-linearities which have been observed throughout the program have 
a destabilizing effect and increase the size of ~s considerably« 

TABLE XIV 

Location of CM. From Centroid For Dynamically 
Stable Nine Caliber Models 

M °s e 0 s a 1 (standard) a ■ 1 (bimetal) s ■ 2 

1.3 -1.09             -.32            .05 .97 

1,8 -1.59             -«70           -.28 .30 

2,5 -2.03            -.73          -.28 .92. 

As a final application of the data obtained by this program we will 
make rough estimates of the stability of models which are longer than 
nine calibers.  (Since these estimates are based on linear theory, they 
are at the mercy of non-linearities which seem to increase with length.) 
For simplicity the center of mass will be located at the centroid. The 
data for nine-caliber length models definitely shows a bimetal design to 
be superior and we will thus consider models possessing cylindrical center 
sections of length 2 J2R and of density different from the remainder of 
the model. Finally the following formulas for centroid, mass, and 
moments' of inertia will be needed. They are good approximations for 
models over eight caliber long! 
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cm .   from base = l/2   (f,  + j*   ) 

0 r, ■ length of cylinder in calibers 

■^ (volume of nose in calibers) = .857 

m = 

IT. 

»I* 

where p, is density of nose and tail material 

p? is density of center section material 

where Av, = axial moment of inertial of ogival nose 

B 

Px
d' 
5 'uS <fc*»N> 

= .0565 (Pl cP) 

3.( p2-D tnj;B) (i + |N +JL 

In order to get some idea of the stability situation for these long 

missiles, we will select ^2=3 and Jf~ so that the spin required for 

Pl     ■ 

gyroscopic  stability will be a minimum.     This is equivalent to requiring 

that ■u  be a maximum.  In addition we will also specify p-, be equal 

to the density of dural.  In Table IV are tabulated the resulting V^, A 

B, in, and s! s. 

TABLS XV 

L ÜB <cal-> ri(gm-cal ) B(gm-cal ) ra(pi) s 

9 z.kk 33 1060 310 1.0 

11 3.05 US 2080 387 1.2 

•13 3.66 57 3600 U65 2.2 

16 U.58 72 7062 582 3.2 
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According to Table XV, models with cm. at centroid and longer 
than eleven calibers are impossible to stabilize by spin. It is 
possible to make a rough calculation as to the location of the 
optimum points for the models in Table XV. This would give some 
indication of possible improvement of dynamic stability by varying 
cm. location and is done in Table XVI.  In this table the location 
of the optimum point is given together with the gun twist, 1 , 

n 
required for stability. 

L 

9 

11 

13 

16 

TABLE XVI 

cm. shift from centroid 

-.0$ 

-.63 

-1.03 

-1.1*6 

1/n 

1/20 

1/1? 

1/12 

1/9 

Irom this table are observed the very important facts that dynamic 
stability can be improved by moving cm. rearward and that quite long 
models can be stabilized with reasonable gun twists. The rather crude 
approximation on which the above is based should be reemphasized and it 
should be remembered that the above is done only as a rather weak aid 
to designers of longer missiles. 

C.  H, MüffPHY'        C/ 

JC. C. J CJUVU*- 
L.  E. SCHMIDT 

29 



REFERENCES 

1. R. H. Fowler, E. G» Gallop, C.  N. H. Lock., H. ¥. Richmond, 
The Aerodynamics of a Spinning -Shell. Phil. Trans. Roy Soc. 
London (A) 221, 295-387 (1920). 

2. S0 H. Fowler, C. N. H. Lock, The aerodynamics of a Spinning 
Shell Part II, Phil» Trans. Roy. Soc. London (A) 221, 295-387 (1920). 

3. K. L. Nielsen, J„ L. Synge, On the Motion of a Spinning Shell, 
Q. A. M. Vol. IV, No, 3 (19U6]T~ 

h.    C. G. Maple, J. L. Synge, Aerodynamic Symmetry of Projectiles 
Q.- A. M. Vol. VI, No. k  (19U9). 

5. J. L. Kelley, E„ J. McShane, On the Motion of a Projectile with 
Small or Slowly Changing Yaw. BRL Report UU6 (19UU). 

6. E. J, McShane, J, L. Kelley, F. Reno, Exterior Ballistics, 
university of Denver Press, (195>3). 

7° E. H. Kent, An Elementary Treatment of the Motion of a Spinning 
Projectile about it8s Center of Gravity, BRL Report 65 ~0S3fTt 
and revision with E. J. McShane, BRL Report 1*59 (19UU)> 

8. A. C. Charters, R. H. Thomas, The Aerodynamic Performance of Small 
Spheres from Subsonic to High Supersonic Velocities, JAS, Vol 12, 
NO. u, a9ksr. 

9. A. C. Charters, Some Ballistic Contributions to Aerodynamics, JAS, 
Vol., 1U, No. 3* (19U7). 

10. R, A. Turetsky, Reduction of Spark Range Data, BRL Report 68U (191*8). 

11. A. C. Charters, R. H. Kent, The Relation Between the Skin Friction 
Drag and the Spin Reducing Torque, BRL Report 287 (19k'd).' 

12. R. N. Thomas, Some Comments on the Form of the Drag Coefficient 
at Supersonic Velocity, BRL Report 5^2, 11945)♦ 

13. A. C. Charters, R. A» Turetsky, Determination of Base Pressure 
from Free-Flight Data, BRL Report 65 3 > CEW^ 

ill. B. Gf Karpov, The Accuracy of Drag Measurements as a Junction of 
Number and Distribution of Timing Stations, BRL Report 658 (i^o*). 

15. R. A. Turetsky, Cone Cylinder Model E12M1 BRL Memorandum Report 
h3S  (19U6). 

16. 5«, J. Zaroodny, On Jump Due to Muzzle Disturbances, BRL Report 703 
(I9lt9).     ~ __ 

30 



17. R. E. Bolz, J. D. Nicolaides., A Method of Determining Aerodynamic 
Coefficients from Supersonic Free-Flight Test of a Rolling Missile, 
BRL Report 711 {19k9h 

18. R. A« Turetsky, Dynamic Stability of Spinner 'Rocket Model Fired 
in the Free-Flight Aerodynamics Range, BRL Memorandum Report 526 (195Ö) 

19. A. C. Charters, H„ Stein, The Drag of Projectiles with Truncated 
Cone Headshapes, BRL Report 525 W&T* 

20. L. E. SchMdt, Aerodynamic Coefficients Determined from the Swerve 
Redaction. BRL HemöräncTum Report 599 (1952). ~~ 

2l„ L. C MacAUister, Drag Properties and Gun Launching Long Arrow 
Projectiles,, BRL Memorandum Report 600 (1952J.  "~   \- "* 

22, C« H0 Murphy, Analogue Computor Determination of Certain Aerodynamic 
Coefficients, SHTReport Ö07 U952).   "     '  ' ■ 

23. C» H-„ Murphy, Comment on Kelley-McShane Solution Of Yawing Motion of 
Missiles, BRL Technical Note 703~ll952).     """  ~ ' 

2lj. GvH. Murphy, Effect of Gravity on Yawing Motion, BRL Technical Note 
713 (1952). 

25» G.-H. Murphy, Effect of Symmetry on the Linearized Force System. 
BRL Technical Mole 7U3 U952).      "   '■ ' 

26o  J. D„ Nicolaides, Variation of the-Aerodynamic Force and Moment 
Coefficients With Reference "Position;, BRL Technical Note 7kb  I1952). 

27. J. D. Nicolaides, Onjbhe Free^Flight■Motion of Missiles Having Slight 
Configurational Asymmetries j institute of Aeronautical Sciences, 
Preprint No'.' 33"^~aM~BKirHeport 858- (-1953)» 

28. C. H. Murphy5 On the Stability Criteria of the Kelley-McShane 
Linearized Theory''oT~Yawing Motion, BRL Report .053 (1953J. 

29. «J. C. Martin, On Magnus Effect Caused by the Boundary Layer Displace- 
ment Thickness on Bodiesof Revolution at Small Angle of Attack, 'BRL 
Report Ö70 U953;»    ~~~" 

30. W. K. Rogers, The Transonic Free-Flight Range, BRL Report 8lt9 (1953). 

31. E. R. Van Driest, Turbulent Boundary Layer for Compressible Fluids on 
an Insulated Flat Plate" N.A» Aviation Rep. AL 958? (l9U9). 

32. E. R. Van Driest, Turbulent Boundary-Layer in Compressible Fluids. 
J.AoS. Vol. 18, NoJ-3, P- 1U5, March 1951. 

31 



33»    M.  Tuckers Approximate Calculation of Turbulent Boundary-Layer 
De-yglopmenlTin UompressipTe^FIow^ i\u A, U.iU -Tecnnical Note z33T 
U95D        ™~~ __ 

3U.    M. W. Rubesin,, R. C. Maydew3  and S. A. Varga* An Analytic and 
Experimental Investigation of the Skin Frictio"n "of the Turbulent 
Boundary-Layer at SupersonicJBpeeds, M.A.C.A.  Technical ftiote 230$ 
(1950)/ - 

3$.    W, Dorrance,, Honsteady_Supersonic Flow About Pointed Bodies of 
Revolution,  J.A.S» Vol.' 'l8,  No/ Ö,  p. 505,  Aug.  1951. 

36. H. R» Kelley^ T^e Estimation of Normal Force and Pitching Moment 
Coefficients For Blunt Base Bodies of Revolution at .Large Angles 
of Attack.    M.O.T.S. TM ° 99$ 11953)* ™~ 

37. L. E.  Schmidt^  C, H. Murphy,,  The Effect of Spin on Aerodynamic 
Properties of Bodies of Revolution, BRL Memorandum Report 715 
,1953] 

32: 

limiinn i mmmmmmmmuk IWh 



rfiiifiTnirTrn  r     ii i r 

TABLE OF SYMBOLS AND COEFFICIENTS1" 

A Axial moment of inertia 

AßT Axial moment of inertia of the nose 

B Transverse moment of inertia 

2 C Empirical constant defined by L, = C(L - y ) 

C_. Two dimensional cylinder drag coefficient 

CPp Magnus force center of pressure 

CP„ Normal force center of pressure 

D JD = kl JA 

(F1,F2,F3) Aerodynamic force 

G Y« - 0jD-k;2j} 

H JN " 2JD + ki2jH 

J. 
l 

' P d3 K, 
m 

t)*ivj Y 

K.(C^ ) Spin deceleration moment coefficient 

^T^^D) Drag coefficient 

K_ Axial drag coefficient 

K^g Base drag coefficient 

£_, Head drag coefficient 

K_s Skin friction drag coefficient 

^F^*V ^ Magnus force coefficient, 
.pa 

KL. Slender body Magnus force coefficient 

1« The symbols which appear only in Appendix B are omitted from this 
table, 
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IVT(C      + C  .)                 Damping moment coefficient 

[h] h* ■- <V 
K,. Lift force coefficient 

^(Cjfa) Overturning (restoring) moment coefficient 

KN^CNo^ Normal force coefficient 

Kj, Slender body normal force coefficient 

^S^Nft + ^Na^                Damping force coefficient 

^T^^M    5 Magnus moment coefficient 
pa 

KVT, Magnus cross force coefficient 

KyT Magnus cross moment coefficient 

K. Zero-yaw coefficient 
10 

K.   „ Coefficient of yaw squared term 

IL,K9 Complex constants in yaw equation 

L Length of projectile 

L Length of nose which is uneffective in Martin's theory 

L Equivalent cylinder length in Martin's theory 

H v                        Mach number 

M kg2JM 

(M,,M«,Mo) Aerodynamic moment 

N - Nm ' Number of yaw stations and timing stations 

0 - 0-K- Shift in cm. 
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P Constant term in the swerve equation 

Q Coefficient of linear term in the swerve equation 

Q =   jl + KJ4 The »<$»-function 

R, The Reynolds > number based on diameter 

R. The coefficients of the exponential terms in the 
swerve equation 

R.. Constants defined by R.  - R..  + iR._ 
IJ J    i        ll i2 

(R.)_ Contribution of the lift force to the swerve 
i'L 

(H.)_ Contribution of the Magnus force to the swerve 

T JL-kI% 

a The constant term, in the MQM function 

a. The coefficients in the polynomial expression for t 

a.. The coefficient of J„ - J^ in R.. 

b The coefficient of the linear term in the "Q" function 

b. The coefficients in the polynomial expression for 9 

b. . The coefficient of J- in R. , 1J F   ij . 

Empirical constant defined by K_ = c(l - ,,ll4M)Tr R, 

c, . The coefficient of <J_ in R. . 

cm. Center, of mass in calibers from the nose 

d Diameter 

d. . The coefficient of J™ in R. . 

g Acceleration due to gravity 

(g,,gp,go) Vector acceleration due to gravity 
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h - KD + k2 \ " VK -2.        ,-2, 
A 

"?• md 
A 

*?■ md 
B 

h 
h 

k,  is the axial radius of gyration in calibers 

k? is the transverse radius of gyration in calibers 

One-half length of center cylinder in bimetal design 

Length of cylinder 

0 N « — (volume
1of nose) Equivalent length of nose . 

m Mass 

n The reciprocal of the gun twist 

\h p -    1 dt      Independent variable 
"a 

pn Base pressure 
D 

Pn Free stream pressure 

q 0-0* (distance from centroid in definition of K# 

r Distance in calibers from the nose to the center 
of mass 

r_ Distance in calibers from the nose to the centroid 

s Stability factor 

1 Dynamic stability factor 

t Time 

u ■ (u-pUg.Uo)     Velocity vector 

v Volume 

x Lateral displacement 

y Vertical displacement 

o Assigned lower limit of a. 
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Yaw damping rates 

fiatio of specific heat Of air at constant pressure 
to that at constant volume 

Hs2 ' El X2^ *  i^g3 " gl X3U ^S. 

Magnitude of yaw angle 

Mean squared yaw 

Boundary layer displacement thickness 

Perturbation term in solution of yaw differential 
equation 

Standard error in ballistic coefficient 

Roll angle 

Complex yaw 

Yaw of repose 

Complex angular velocity 

Spin in radians per caliber 

p Density of air 

p. Density of the material 

^' 0. Yaw turning rates 

(ox., <a„, CO.)      Angular velocity of the missile 

( ) Primes denote differentiation with respect to p 

3 K 
DSF Partial derivative of skin friction drag coefficient 
3 L with respect to length 

Bars denote absolute value 
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APPENDIX As SUMMARY OF THEORETICAL RELATIONS AND SPARK RANGE 
TECHNIQUE 

In the bibliography the classical publications are listed and a 
fairly complete list of BRL publications which would have a bearing on 
this report is pro-vided« Most of the theoretical relations used Tiere 
are taken from P^JJ or jj^ßj * The data reduction technique is described 
in PloJ or in fee Kopal report mentioned in the introduction. In 
this appendix we will state but not prove the relations referred to in 

the body of the report.  Although these relations will be in terms of 
the ballistic K's they can be easily converted to the aerodynamic C*s 
where necessary by use of Appendix B. 

We first define a right handed orthogonal coordinate system with 
axes numbered 1, 2/ 3 moving with the missile and so orientated that the 
1 axis always points along the missile^ axis and the 2 axis lies in 
the horizontal plane and points to the-right« The linear velocity of 
the center of mass and angular velocity of the missile are expressed 
in this coordinate system as the vectors (u,, u„, u-) and (<&., <&' t  ©,) 

respectively. Employing the convenient representation of complex 
variables the basic Kelley-McShane linear force system for a missile 
possessing an angle of rotational symmetry less than 120 and a plane 
of mirror symmetry is defined by the following equations; 

(Al) 71  = WV KDA  , F^-pd2^2!^ 

(A2)    F2 + iF3 = pd2u£    £ (-Kjj + ivKp) X + (vK^ + i£s)|J 

3 „ 2 (A3)    Kj_ - -pdJ ^ vK, 

(AU)    M2 + iM3 = pd3^2   ["(-VK.J, - iK^) X + (-^ + ivK^nJ 

where 

(F,, F?J Fq) is the aerodynamic force vector 

F_ is component of aerodynamic -force vector directed along the 
trajectory 

(M.., M„j M-) is the aerodynamic moment vector 

p is the density of air 

d is the diameter of the model 

Although all of the relations stated are true for all missiles 
possessing the proper symmetry required for (Al) - (Ah)s  some of 
the remarks on range technique refer only to spinning bodies of 
revolution0 38 
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X =  -—  is the complex yaw 

1 
to-,d ... 

v =   is nondimensional spin 

(ecu + ifcOd 
p, =  __—d— is complex angalar- Wlooity 

K~  Drag Force Coefficient 

KDA Axial Drag Force Coefficient 

K. Spin Deceleration Moment Coefficient 

KJJ Normal Force Coefficient 

K-, Magnus Force Coefficient 

K^p Cross Spin Magnus Force Coefficient 

Kg Damping Force Coefficient 

K_ Magnus Moment Coefficient 

L. Overturning Moment Coefficient 

K^ Damping Moment Coefficient 

K„T Cross Spin Magnus Moment Coefficient 

Since the moments are defined with respect to center of mass and 
X is defined from the motion of the center of mass, these ballistic K's 
are functions of center of mass location. Since we require symmetric 

1. For'zeto. cross spin it can be easily'shown that'K..1» K^. -eos'g, +K.6 sin 6 
p v    —I       p D DA N 

= KD<\ + \h --J&I    ß    *   KBAWhere »-■•HI- 
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MM 

mass distribution, all cm.'s are on the axis* The explicit form of 
these functions iss 

(A5.1) KD* = KD (A5.6) KÄ* = KÄ 

(A5.2) V S (A5"7) V " S + qKN 

US-3) Ky* = KF (A5.8) KT* - Kj + qKj. 

(AS.U) Ks* - Ks + qKjj (A5.9) 1^* - \  + q(Kg + y+ q\ 

(AJ?.5) Kjy* = Kjp ♦ qKy (AS.ID)^* - KJJ + qCKjy* KT)+ q
2Kp 

where the starred quantities correspond to the center mass located at point 
0* and the unstarred quantities to center of mass at 0. q is the axial 
distance from 0 to 0* in calibers^ and is considered positive when measured 
toward the base from the nose. 

Placing these definitions in the equations of motion we obtain the 
following equations for the axial and yawing motion for a flat trajectory! 

u' 
(A6) -^---JD 

(A7)  v«  - Dv 

(A8) X» + (H - iv) X« + (-M - ivT) X = G 

where primes denote differentiation with respect to nondimensional 
»t   u,dt 

—g- and t is time. 
2 

t o 

'i- 4 \  ■ 

k_  ■ —j*' (k, is axial radius of gyration in calibers) 

A is axial moment of inertia 

m is the mass 

1» A caliber is a unit of length equal to the missile.* s diameter. 
2. Equation (A8) is based on the size assumption or convention 

that 3r  terms may be omitted in comparison with J terms« 

ko 
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H = JN - 2JD + V2 JH 

kp        = "Tr*    (kp i3 transverse radius of gyration in calibers) 

B,is the transverse moment of inertia 

A 
1 

M -2 2 ,_. 2 -2 
V    (JM + V    V V * k2      * 

-2 
T Q JN " JD ~ kl      JT 

G = V« - C(J» *,) ♦ ivj r 0 
(ig2 * glX2* + i^g3 " SiVJ   d 

^S-i»  6O*  
grJ^ :i'3 ^* vector acceleration due to gravity 

X2 + i\. - X 

The solution to the equation of yawing motion can be written in the 
forms 

(A9) 'X - h J-Cl * $£>*   * K2 M t ^>P ♦ ^        . 

where 

K,s K« are complex constants depending on initial conditions 

Xg - - -S* (yaw of repose) 
u, M 

g is acceleration due to gravity 

0- are constants and 0.' are linear functions of p 

hi 
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The exponents of (A9) may be related to the coefficients of equation 
(A8) by: 

(A10)    v - JZfj-« + 02' 

(All)    H = (O-L + 02)  - D£1 

(A12)    M - ^   . jj  -*&+   \ <f ^ + «2 - §  £j 

(A13)    T = -1/2    f(fll  - cj[    1    '    21 ) - H - D1 

L  x     2Ui' +^2'/ 
(AlU)    D 

^x" + i*2" 

where a very good approximation to the perturbation tenn£.  is 
\< * jzf2« 

V - V 
A missile is said to be statically stable if IL.^0. A statically 

unstable missile is said to be gyro scop ically stable if s "TO* 1* A 

missile is dynamically stable if the yaw described by the homogeneous 
solution to (ä8) does not increase. For a statically unstable missile 
the exponents cu and (w are greater than or equal to an assigned value 

C if 

(AlS) H + D - o > 0; 

(A16) s£ - and 
B(2 --i) 

(A17) 0 < ■" <  2 

where "s (o) = g-yij I A ^s the generalized dynamic stability factor. 

If a ■ 0, 8 becomes the dynamic stability factor a (0) and (All?) - (A17) 
become ' conditions for dynamic stability. If s (0) does not satisfy 
(A17), a statically unstable missile can never be dynamically 

stabilized by spin . 

I» For a statically stable missile (All?) and (Al6) apply when "s is 
outside the interval TOj 21  while only (A15>) is needed when 
"I is inside- 

U2 
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If the position of the missile is calculated from the equations of 
motion, and the p axis is taken to be down range in the horizontal 
plane, the y axis pointing up, and the x axis determined by the right 
hand rule, we have the relation 

(A18) x + iy = P + Qp + R1K1 e
(-°l + ^1^  ♦ R2K2 e("a2 + ^2^ 

+ jfJTVJN'JD + iv Vdp dp ** [[^ dp dp 

where 

P and Q are complex constants determined by initial conditions 

x and y are in calibers 

H± = Rn ♦ iRi2 

Ril= ail (W + bil JF + Cil JS + dil JXF 

(0±
t2 -a±

2) 2v a± 0±« 

O- 
I ■.       J. : +    <' s     _^-_- _„  J. 

(01'
2
+a.2)        (0.'2+a.2) ** 

Ri2 = ai2(jN " V + bi2 JF + ci2 JS + di2 J: XF* 

20±« a± v{^2 - a±
2)  JF 

c^«2 ♦ d.2)2 (JN " JD) + W* + **)Z 

*!_ aiv 
JS "     IA. .2  ,  2^    JXF 

(0.»2 ♦ a.2)   5..      (0±«
2 + a±

2) 

The first integral is the displacement due to yaw of repose and 
can usually be estimated to a sufficient accuracy for range work. The 
real part of this integral is called the "drift". The second integral ■ 
is, of course, the gravity drop. The expression J,. - J^ can be replaced 

by «JJJ the lift force coefficient. 
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On the ERL Spark Photography Range the drag coefficient is found 
by means of up to twelve; time-distance measurements. The distance 
error is less than .001 feet and the least count for the time is 5/8 
of a microsecond,, The data are usually fitted to a cubic in distance. 

(hi?)    t = aQ + a-jp + a^p 
+ a^p 

where t is time 

The velocity u at point p is then given by 

(A20) |--  —4 2 
^  + 2 a2p * 3 a,p 

and JJJ at point p can then be computed from (A6). 
2a? +,6a^p 

(A21) JD »  —— ^— ^ , 
al + 2a2p * ^a3p 

u and J«!are usually evaluated at the center of the data. The temperature 

and pressure are measured before each firing^ thereby providing the 
velocity of sound and density of air. From this the Mach number and the 

.0 

densitv factor £^- may be ^^ut^0 (m> A, B, and center of mass location 
"       m 

are precisely measured for each model before firing). 

D can be directly determined by measuring the spatial location at 
each station of two pins placed in the base of the model. This then 
determines the roll angle 0 as a function of position, p, on the range. 
These data are then fitted to a cubic polynomial 

(A22) 6 = bQ + b1 p + b2p
2 + b3p

3 

From (A7) we haves 
2b0 + 6b-p 

(A23) D -   —£ -J- ^ . 
b^^ + 2b2p + 3a3pf 

From (A23) and (A2l) »e tan then obtain J.. 
A 

The two components of tfee yaw of the missile are usually measured 
to an accuracy of ,001 radians«,    They are then fitted by a combination 
graphical and analytical technique to equation (A9).    From the coef- 
ficients of this fit by means of (All) - (AlU) we can obtain JM, H, T, 

and a relatively poor second determination of D.    The spatial position 

lilt 



of the center of mass is now measured to an accuracy of .001 feet and 
fitted to equation (A18). Of the form R. . usually, however, only R?, 

is well determined. Fortunately J - J_ is the principal constituent 

for most firings and can then be determined. This plus the values of 
J«, H, and T then provide us.with J„ and J™. In certain cases Rp? 

can 

be determined, and from this follow values of J-.. By firing different 

center of mass positions, equations (A5>) then provide us with J-, J^, 

and a second determination of JL. 

In summary we see that the firing of a single model with satis- 
factory initial yawing motion (large enough.to measure and small enough 
to be linear) and satisfactory swerving motion-'- will provide values ■ 
K~, K., Kw, KJT, Km, Kg, and possibly Ky at a given Mach number. Firings 

of identical models with different center of mass positions at the same 
Mach number then yield additional values of IL., K-p, and Kg. 

1. It can easily be shown that the lift force contribution to the slow 

swerve arm is (Rp)T ™ |^?|J a?-i * a?p ^T an(* ^e  corresponding con- 

tribution from the Magnus force is (R?)F = I K_ I 1 b?1 + b.„ J^» 

2 2 For most rounds Jg and JVp may be omitted^app^. a-p-» «and b„-,  Jj?^- ^p-,  JT 
j . 

Hence (^0)1 """l^l j ß21T Swerving motion is satisfactory for 

Kj. when (Rp)T is more than six times the experimental accuracy. Since 

Our Magnus force measures were limited in number, K-, values are con- 

sidered when (Rp)p is twice the experimental accuracy. 

us 
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APPENDIX Bs CONVERSION OF THE BALLISTIC COEFFICIENTS TO AERODYNAMIC 
COEFFICIENTS 

f 

The work of this report has been done in terms of the ballistic 
K's which are little known outside the field of ballistics and may be 
quite confusing to an aerodynamic!st who does his dynamic stability 
analyses in terms of the aerodynamic C's. It is therefore worthwhile 
to express the results of this report in terms of these symbols. This 
effort is handicapped however, by the three facts; 

1» The missiles usually treated in ballistics have a rotation 
symmetry which results in pairs of aerodynamic coefficients 
being equal and hence corresponding to only one ballistic 
coefficient. 

2. In ballistics the missiles usually have a high rate of spin 
and Magnus effects have to be considered to which there are 
no corresponding aerodynamic coefficients. 

3. Terms involving the rate of change of angle of attack appear 
in most aerodynamic stability analysis while ho such, terms 
appear in the usual ballistic force system. 

The axial components of the aerodynamic force and moment are 
usually defined in aerodynamic nomenclature ass 

X =' - 1/2 p V2 S CD 

(Bl) L- 1/2 p V2 SM&)  C* 

where   p is air density 

V is axial velocity 

S is a reference area 

b is the wing span 

From this we see that 

KD - 1/2 S/d
2 CD 

(B2) KA = - 1/U (Sb
2/^) C^ 

v- ^ (Pb/2v) 

U6 



If the transverse components of the aerodynamic force and moment 
are assumed to be linear functions of yaw,  change in yaw, and angular 
velocity, and Magnus coupling is introduced, we have the following 
definitions; 

T =  (1/2 p \ P + CYr <»   + CYß 

(B3) 

V2 S) | [c 

*    fa     • ♦ °Y      # * CY, <W>]    $>) 
f   pa pq pa       —'       ^J 

Z - (1/2 p V2 S) f[cz   a ♦ Cz    (|g) ♦ C      (f*)l 
L   a       q a 

M = (1/2 p V2 S c) fc     « ♦ 0^ (gg) ♦ Cm& ($jj 

I = (1/2 p V2 S bjjj^ p ♦ C^ <*> ♦ Cn.  ($j 

<$>♦ c
v $>] tiy a ♦ c 

where c is the wing chord and the angles'a, ß and angular 
velocities &, p% q and v are those defined, in the standard aero- 
dynamic nomenclature» 

If the missile is assumed to possess trigonal or greater rotational 
symmetry, it follows from QUl  [_61 QfQ   £27j 

T    c        2    ~   N r q c 

V"V\ 

xpa        pß        pa 

CY     = CZ     c - CN 
pq Pr pq 

cY   - cz .-(£)s c 
pft     pß        p& 
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(BIO =C      -iC      (- ) 
\       nß    C 

c    - c    (V m n    vcy 

q r 

-c    = c . (^}2 
m&        nß  V 

-C 
M. 

V 

-"CM 

c     = c      (-) = cM rapß       V   c   -   Mpa 

-C       (^) = c       (|) = -CM m      vc' n        c' —      M pr pq pq 

■ft pß pa pa 

The third set of symbols is introduced in order to emphasize the 
existence of symmetry and will be employed throughout the remainder 
of this appendix.    If we insert these symbols into (B3)? multiply the 
secpnd and fourth equations by i and add to the first and third respec- 
tively these results: 

I■+ «■- (1/2 p V2 S)f[c^   + i    (&) CN  1(p + i a) 

(^L a        ^      P°J 
1    +feVc        tic    1   (cq f i cr) 

t       pq        qj 

Pa *XW     NpftJ^^J 
(B?) H + iN -  (1/2 p V2 c S)( figf)    Cj,      - i Cjjl (p t ia) 

♦ [v4 * s,] ^ 
"(pb) + I (üü£    r 

pa 

a 

->  f*   1 (cß ■*■ i cä 

If equation (B£)  is compared with equations  (A2)  and  (AU),  the Magnus 
and non-Magnus static coefficients are easily related» 

KK - - 1/2 S/d2 C 
a 

K ■M = ' V2 Sc/dJ Gy 

£p = l/U Sb/d3 C 
V 

T   = - l/U Scb/d1* C 
'M « pa 

1*8 
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The relationships between the remaining dynamic coefficients is 
somewhat more complicated. Fortunately it can easily be shown that the 
remaining Magnus coefficients are lost in the differential equations of 
yawing motion due to the J convention. It therefore, remains only to 
connect two ballistic coefficients, Kg and K,, with four aerodynamic 

coefficients, C^ , C^ , (^ and CM . 
q i &   q     G 

In order to do this we need only to consider the purpose of this 
work, namely to state the results of this report in aerodynamic nomen- 
clature» Since this report is concerned with stability, the only con- 
tribution of tiie aerodynamic coefficients is how they appear in the 
basic differential equations. This means that in order to obtain the 
partner of IC, we see what coefficient appears in the corresponding 

point of the differential equation similar to (l) which is based on 
the aerodynamic force system (see | 27J for example)» By this tactic 
we have: 

a     q    a 

Since the major function of K„ is its contribution to K„ when the 

center of mass is altered we haves 

%->iAf (c. *c ) 
a    q   a 

Notes The method of obtaining (B7) and (B8) is not too desirable. 
It would, of course, be more satisfying to enlarge the ballistic force 
system so that there would exist a one-to-one correspondence. It also 
should be noted that (B7) follows from a comparison of the homogeneous 
equations.» In the yaw of repose, equation (A9)$ K^ should be replaced 

*"1/u fr \ 
By use1of (p2), (B6), (B7) and (B8) it is now possible to convert 

our symbols. We will merely tabulate the results.  (K, will be replaced 

by Kj - KJJ for this purpose.) 

« - _£S r°»  + 2 % * 1/2 %2 ®2 (CM + °«-)l La q a J 
2d /pdx A v mrs W B 

M - k2"2 £g   C M 
G 

1. In order to avoid confusion a* in s (a*) will be replaced by y*. 
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(B9) 
L   a 2d paj 

2d      "p * L? T **   I? %] 
s = A p 

UB (1/2 V2 p SCCJJ) 

■ - (Y ) ■ L     g n 2d_ PgJ,-  
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For bodies of revolution if S is the maximum cross-sectional area 
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.\KD = -B    CD*    KÄ= "B    C/ 
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S-B JN   J   Si = "5  °M_ 

n (BIO)    EL. = 2, C Km = -^,   a 
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.2,3 
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R B(pv*dJ C^ ) 
a 

    a             pg. 

CN + °D + ^22  <CN.+ V ^l"2C/ + T# 

1.    Some authors prefer -a = L where L is the model length in calibers. 

This selection seems to complicate our equations unnecessarily. 
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APPENDIX C: TABUCS OF DATA 

In Table C-l, tne physical characteristics of the twenty-seven 
model types are tabulated. The types are identified by two numerals 
separated by a letter. The first number gives the model length, the 
letter specifies whether the center of mass is forward (F), middle 
(M), or rear (R/, and the second number identifies different types 
of the same length and center of mass location. The composition of 
each model is given by three letters which specify the metals used 
in the nose, center, and base sections respectively. 

In Tables C-2, C-3, and C-U, t&p aerodynamic data for each round 
are given. The mean squared yaw, i2, is in square degrees and is 
effectively zero for those rounds where it is omitted. The drag 
coefficient, K-^, is tabulated for all rounds possessing over five 
timing stations, and the spin decelerating coefficient, K., for only 

rounds with pins. Values of t, are given for those rounds for which 

both arms of their epicyclic yawing motion exceed .005 radians. 
Values of Kj and Krn are listed when both arms exceed .007 radians. 

In addition to the arm size requirement there must be fifteen observa- 
tions and a favorable distribution of the observations on the epicycle. 
For some rounds it was possible to calculate YL.  from the spin and the 

turning rate of one arm when only one arm exceeded .005 radians in 
size and the model possessed pins. \,  was calculated when the swerve 

associated with it, (BpV* WaS ©reader tnan »06 inches. For those 

rounds which did not have KD or K« values, JL. and K-, were computed 

using values corresponding to the same type at the same Mach number. 

The column marked N - N« gives the total number of observations 

and the number of time measurements» a-, and cu are in l/calibers-and 

v is in radians/caliber, v may be converted to gun twist Ij n by the 
relation n = Q  . 

In Table C-$,  the aerodynamic data for models possessing mean 
squared yaws of over thirty square degrees can be found. Table C-6 
gives values of Magnus force coefficients measured from the swerving 
motion of those models whose Magnus swerving motion, (R^)*;«* ^s greater 

that .02 inches. Since the statistical error of the various ballistic 
coefficients was fairly uniform for model types possessing the same spin, 
only representative values are given in Table C-7» Finally the turning 
rates of the two epicycle arms are provided by Table C-8. 
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In conclusion the numbering system for the models should be 
described. Thi3 can be done by the following table for the five 
caliber length models. 

5-01 to 5-29 

5-31 to 5-59 

5-61 to 5-89 

5-91 to 5-99 

Forward cm. 

Middle cm. 

Rear cm. 

Large yaw ("6 7 30°  ) 

The numbers for the 7 and 9 caliber length are divided in the same 
way. 
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